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Fig. 1 Norm of tracking error e and the effects of air drag and gravity.

amount of accelerationhas been used to denote the required energy
consumptionfor the landingprocess.1,3,4 In this study, we adopt the
same idea to employ the norm of the control input u for expressing
the required energy for landing. The relationship between control
effort and mass of propellant m p required for landing can be ex-
pressed as11 k uk dt / [m0 / (m0 ¡ m p )], where m0 is the initial
vehicle mass.

Conclusion
We have considered the rendezvous of a space vehicle with a

celestial object. The study included the effects of drag and dis-
turbance. By employing the variable structure control technique, a
continuousguidance law has been proposed to guarantee the track-
ing performance and alleviate the classical chattering drawback.
The tracking performance has the property of exponential conver-
gence rate, which can be assigned by the designer. Finally, an illus-
trative example was presented to demonstrate the use of the main
results.
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I. Introduction

T HE performance of � exible spacecraft that contain constant-
velocity scanning payloads is degraded by vibration that cor-

rupts the desired motion. The vibration disturbances can come
from numerous sources including gravity gradients, attitude con-
trol reaction wheels,1 ¡ 3 jet propulsion systems,4 ¡ 6 thermoelastic
deformation,7,8 � uid sloshing,9 and payload-payloadinteractions.10

There are a number of possible ways to deal with these corrupt-
ing disturbances such as using vibration isolation systems,11 con-
currently designing the structure and controller,12 and generating
vibration-reducingmotion setpoints.13 Scanners often need to per-
form rapid changes in velocity and direction to achieve high cycle
throughput. These setpoint changes can induce vibration that cor-
rupts the constant-velocity portion of the scanning cycle. In this
case, the scanner motion corrupts its own signal.

Consider the positionpro� le shown in Fig. 1. The pro� le has sev-
eral regions where the desired scanning velocity is constant (§v1).
These constant-velocity regions are separated by high-velocity re-
gions (§v2) and changes in direction. This type of command is
used with systems that performconstant-velocityscanningover sub
regions of their workspace. Between these regions, the system at-
tempts to move rapidly to the next scanningregion. If the system has
� exibility, then the responsewill containvibrationsuperimposedon
the constant-velocitymotion.

Regions 1–4 of Fig. 1 represent the position ranges over which
the mass is required to move at the constant velocity, v1 , while
performing the scanningoperation.An auxiliary goal is to move the
system as slowly as possibleover the scan regionswhile keeping the
total duration of the cycle � xed. The slow scanning velocity allows
the sensor more time to make a measurement and, consequently,the
accuracy is improved.

The pro� le shown in Fig. 1 was chosen because it is representa-
tive of high-performance scanning pro� les. There is much to gain
by using high-velocity motions between the scanning regions. If
the system traveled at a single constant velocity over both the scan-
ning and nonscanningregions, the slowest scan velocity it could use
(given the position set points in Fig. 1) while still completing a cy-
cle in the desired time (0.25 s in this example) would be 6.24 cm/s.
However, if the nonscan velocity v2 were in� nite, the system could
traverse the scanning regions as slowly as 2.4 cm/s while still com-
pleting the cycle in 0.25 s.

The idealpro� le, then,has the smallestpossiblescanningvelocity
v1 and in� nite nonscanningvelocityv2 . This pro� le allots the maxi-
mum time available for the scanningprocess.The time available for
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Fig. 1 Benchmark command and system response.

Fig. 2 ZV shaped position response.

scanning, t1 , can be found using the cycle duration constraint and
the simple relationship between time and velocity:

t1 = 1
2
[Lcom / 2 ¡ (C ¡ B)/ v2] (1)

where L com is the cycle duration and C and B are the position
points shown in Fig. 1. This equation shows that the time available
for scanning increases with nonscanningvelocity.

Given the cycle duration constraint, t1 cannot be larger than one
fourth of the total cycle time (there are four scan regions per cy-
cle), then in order to achieve the maximum t1, v2 must be in� nite.
However, it can be shown using Eq. (1) that t1 reaches 90% of its
maximum valueat a relatively low nonscanningvelocity.Therefore,
little is gainedby settingv2 to an unreasonablyhigh value.The input
pro� le shown in Fig. 1 has a scan velocityof 3 cm/s. This pro� le re-
quiresv2 to have a valueof 19.2 cm/s to complete the cycle in 0.25 s.

The response to the scanning pro� le of an undamped second-
order system with a frequency of 50 Hz is shown in Fig. 1. Note
that the vibration causes the velocity to vary considerably during
the scanning regions. The process of input shaping13 can be used to
reduce the vibration from the setpoint changes; however, additional
problems are introduced. Input shaping is a command generation
scheme that generates reference commands that are self-canceling.
Any vibrationinducedby the command is canceledby a later portion
of the command. Input shaping is implemented by convolving the
reference command with a special sequence of impulses. The con-
volution product is then used as the new reference command. This
Note presentsa setpointgenerationscheme,based on input shaping,
that produces low levels of vibration during the constant-velocity
portion of a scanning cycle.

II. Effect of Input Shaping
The detrimental effects of � exibility on system performance are

obviousfromFig. 1. In this sectioninputshapingis used to eliminate
the vibration. It will be shown that input shaping distorts the length
of the scanning regions.Section III will presenta method to alter the
unshapedcommand and produce results that better track the desired
pro� le.

The command pro� le of Fig. 1 was convolved with a Zero-
Vibration (ZV) shaper13,14 to produce a command that removes the
residual vibration from the response. The response to the shaped
command is shown in Fig. 2. The improvement that results from

input shaping is quite obvious. However, note that the shaped com-
manddurationis longerthan theoriginalcommanddurationand that
the cornersof thevelocitypro� le havebecomeslightlyrounded.The
shapedcommand is longerthan the unshapedcommandby the dura-
tion of the input shaper.The durationof a ZV shaper is equal to T /2,
where T is the period of the system vibration. Therefore, changes
in the command pro� le will not take place instantaneouslybut over
a time duration of T / 2 s. The dotted horizontal lines labeled A, B,
C, and D in Fig. 2 indicate the beginning and end of the desired
constant-velocity regions. Note that although the shaped response
does not vibrate, it does not follow the desired position pro� le ex-
actly. Changes from one velocity to another take longer to occur,
thereby shortening the constant-velocityscan regions.

III. Augmenting the Input Shaping Process
To make input shapingmore advantageousfor this type of system,

the discrepancies between the desired and actual scanning regions
must be reduced. This goal can be achieved by modifying the un-
shaped command in such a way that the shaped command is at
constant velocity for the desired position ranges.

As previouslynoted, the duration of the shaped response exceeds
the desired cycle time by the durationof the shaper L shap. This prob-
lem can be easily solved by shortening the length of the unshaped
command. The new unshaped command length Lnew is

Lnew = Lcom ¡ L shap (2)

Solving the problem of the shortened scan regions is more in-
volved. It is possible to lengthen these regions of the unshaped
command by a distance d at both ends. This distance is found by
assuming the velocity in the nonscanning regions is set to a max-
imum. Then, using the de� nition of velocity and dividing by 2 to
distribute the distance at both ends of the scanning regions

d = v1 Lshap / 2 (3)

When the modi� ed command is convolved with an input shaper,
the shaped command will be at constant velocity over the desired
scanning ranges. The extra distance d , will accommodate the time
the shaped command takes to ramp up to the scanning velocity.
However, the command will be longer than the desired command
because additional time is required to traverse the additional dis-
tance. Therefore, the velocity in the scan regions must be increased
to shorten the cycle time back to the desired value, while holding v2

at its maximum possible value (19.2 cm/s in the example problem
considered here). This new scanning velocity is then used to calcu-
late a new value of d . The difference between the new d and the
original d is added to both ends of the scan regions, and the scan
velocity is again increased. This iterative process continues until
the differencebetween the new d and the one previous is negligible,
that is,

j dn ¡ 1 ¡ dn j < d (4)

where n is the total number of iterationsperformed.Figure 3 shows
the positionresponseof the systemto themodi� ed command shaped
with a ZV shaper. The areas of constant velocity now extend over
the entire desired scanning regions. Using the modi� ed command,

Fig. 3 Position response to modi� ed ZV shaped command.
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the position response closely follows the desired position pro� le
with no velocity oscillation.

Although ZV shaping, along with modi� cation of the original
command, greatly improves system performance, it does have one
drawback. To modify the command to accommodate the shaper
length, the scan regions are lengthened, and the scan velocity must
be increased to keep the total cycle duration constant. However,
as mentioned previously, for good performance, a scanning system
often requires a low scanning velocity. In this respect, ZV shap-
ing actually degrades the performance of the system. One way to
lower v1 is to use an input shaper with a shorter duration, such as
those containing negative impulses. If negative impulses are used,
then their magnitudes must be limited in some way to avoid actu-
ator saturation. One good way of doing this is to limit the impulse
amplitudes to §1. Shapers created with these amplitude values are
called Unity-Magnitude(UM) shapers.15 The UM ZV, shaper has a
duration of only T /3, as compared to the positiveZV shaper whose
amplitude is T / 2.

ZV shapers are sensitive to modeling errors: small modeling er-
rors may lead to signi� cant vibration. Therefore, the velocity re-
sponse of this system could vary considerably with small changes
in the plant dynamics. This fact may require the use of the robust
input shapers. One type of robust shaper can be obtained by requir-
ing the derivative of the vibration, with respect to the frequency,
to be zero at the modeling frequency. These types of shapers are
called Zero Vibration and Derivative (ZVD) shapers.13 They have
the effect of keeping the vibration near zero even when there is
a signi� cant error in the estimation of the system frequency. This
property can be visualizedby plotting the amplitude of vibration vs
the modeling error. Such a sensitivity curve is shown in Fig. 4. To
measure the robustnessquantitatively,one can measure the width of
the sensitivity curve that is below a tolerance threshold.This width
is called the shaper’s insensitivity. The 5% insensitivity has been
labeled on Fig. 4.

Figure 5 shows the velocity responses to ZV, UM ZV, ZVD, and
UM ZVD shaped commands. Note that the scan velocity with the
UM ZV shaper is lower than that with the ZV shaper. Similarly, the
scanning velocity with the UM ZVD shaper is signi� cantly lower
than with the ZVD shaper, but it is somewhat higher than the scan-
ning velocity of the ZV shaper. A quantitative comparison of ro-
bustness and scanning velocity is presented in Table 1. The lowest

Fig. 4 Sensitivity curves for the ZVD and UM SD shapers.

Fig. 5 Velocity responses to several types of shaped inputs.

Table 1 Scanning velocity and vibration resulting
from 10% modeling error

Type of shaped input

Parameter ZV ZVD UM ZV UM ZVD

Lowest scan velocity, 4.0 6.0 3.6 4.7
v1 (cm/s) possible

Vibration with 10% error 4.62 0.80 5.50 1.03
(in scan region 4)

Fig. 6 Insensitivity vs scanning velocity.

scan velocities possible with each shaper are listed along with the
vibration that occurs when there is a 10% error in the natural fre-
quency of the system. These values re� ect the results from a 0.25 s
cycle with a maximum velocity of 19.2 cm/s. The vibration am-
plitude data was taken from region 4 of the response because that
region had the highest amplitude of vibration of the four scan re-
gions. These results clearly illustrate the trade-off that exists among
these four shapers.

Figure 6 shows the scanning velocities of each shaper plotted
against the 5% insensitivity of the shapers. Shapers that produce
a low scanning velocity tend to have relatively low robustness,
whereas shapers that produce robust commands tend to require
higher scanning velocities. The region on the plot marked “desired
region” represents the ideal system response, a low scanning ve-
locity and high robustness. The � gure shows that the commonly
available shapers discussed thus far allow only four possible com-
binations of scan velocity and robustness. The following section
presents an input shaper design algorithm that allows this trade-off
to be set at any desired level.

IV. Speci� ed-Duration Shapers
To approach the desired performance region shown in Fig. 6, an

input shaper can be designedusing the UM amplitude constraints,15

setting the shaper duration to a desired value, and maximizing the
5% insensitivity.This processwas � rst suggestedfordesigninginput
shapers for cranes so that the time lag introduced by shaping could
be set to a value that was comfortable to the human operator.16

Here we expand on the idea by allowing the shaper duration to
vary over a wide range. By varying the shaper duration, the trade-
off between robustness and the resulting scanning velocity can be
clearly understood.

This shaper design method was � rst implemented using a shaper
durationequal to the durationof a ZVD shaper. (This duration is the
period of system vibration, T .) Figure 4 compares the sensitivity
curve of this shaper, called the UM Speci� ed-Duration (UM SD)
shaper, to that of the ZVD shaper. It is clear that the UM SD shaper
providesgreater robustnessfor the samedurationas theZVD shaper.
In fact, the 5% insensitivityof the UM SD shaper is 0.482, which is
signi� cantly more than the 0.286 of the ZVD shaper.

The scanning velocity vs 5% insensitivityfor the UM SD shaper
is plotted along with the points corresponding to the standard input
shapers in Fig. 6. Notice that the gain in robustness provided by
the UM SD shaper becomes much larger as the scanning velocity
(shaper duration) is increased. The use of this shaper moves the
trade-off between robustness and scan velocity closer to the desired
region. For example, the insensitivityof a ZVD shaper is 0.286 and
the scanning velocity is 6 cm/s. With the UM SD shaper, this same
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degree of insensitivitycan be achieved with a scan velocity of only
4.61 cm/s. Furthermore, the UM SD design process allows greater
� exibility by generating a shaper that produces any desired scan
velocity, or, conversely, any desired level of robustness.

The SD shapercontainsnegativeimpulses, so it has the possibility
of exciting the higher modes of the spacecraft. If, after the domi-
nant low mode has been eliminated by the SD shaper, the higher
modes become problematic, then the above design procedure must
be augmented with constraints that limit the high-mode vibration.
Techniques for doing this are readily available in the literature.15,17

V. Conclusions
It has been shown that input shaping can be used to reduce vibra-

tion during constant-velocityscanning with � exible systems. How-
ever, the input shapingprocess increasesthe cycle time and shortens
the regions over which the system travels at constant velocity. A
procedure was presented to overcome these drawbacks by modify-
ing the unshaped command before input shaping is implemented.
Given cycle-time constraints, the command modi� cation increases
the scan velocity. Because this increase is proportional to the du-
ration of the input shaper, a short-duration shaper is necessary to
produce a low scan velocity. The duration of a shaper is depen-
dent on its robustness; therefore, increasing the robustness of the
input shaping process requires an increase in scan velocity. An in-
put shaperdesign procedurewas developedto optimally balance the
trade-off between robustness and scan velocity.
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Nomenclature
d = gyro drift
N 0 = proportionalnavigation gain
nC = missile’s commanded acceleration
nM = missile’s acceleration
nT = target’s acceleration
Ra = line-of-sight length
t f = con� ict duration
VC = closing velocity
VM = missile’s velocity
VT = target’s velocity
c M = missile’s path angle
c T = target’s path angle
k = line-of-sightangle
s = missile’s time constant

I. Introduction

P ERFORMANCE analysisof guidedmissiles involvesuncertain
events such as the engagement duration, the type of evasive

maneuvers performed by the target, or the end-game environmental
conditions.Under certain simplifyingassumptions, the analysis can
be performed analytically,1 but more frequently, numerical Monte
Carlo simulations are used for the performance analysis. A Monte
Carlo simulation is a statistical sampling experiment on a model of
the system. Uncertain parameters are treated as stochasticvariables
and are drawn from a random number generator based on assumed
distributions.Each simulationrun is preformedwith a set of sampled
variables,and the performanceevaluationis based on postanalyzing
a large number of simulations.

Recently, Barmish and Lagoa2 investigated the problem of � nd-
ing probability distributions that yield worst-case performance for
general systems. Under some fairly mild assumptions, namely,
1) zero mean random variables (RV), 2) known support intervals,
that is, ranges of change for the various RV, and 3) the probability
density functions (PDF) are symmetrical and nonincreasing with
respect to the absolute value of the RV, the worst-case distributions
can be represented by truncated uniform distributions. A truncated
uniform distribution is a uniform (rectangular) distribution de� ned
over a subinterval of the original support interval. This is a very
important result because it transforms the problem from in� nite- to
� nite-dimensional space. Thus, for each random variable, a single
parameter,namely, the widthof its associatedsubinterval,character-
izes the worst-casedistribution.These parametersare to be searched
for, to evaluate the worst-case performance of the system.

The purpose of the present research is to apply this result to the
� eld of missile guidance. As already said, several uncertain param-
eters are always involved in the performance evaluation of guided
missiles. To search for the worst-case distributions seems to be a
viable approach, as opposed to arbitrarily assuming � xed PDF. To
this end we focus here on proportionally guided missiles with the
engagement duration as a single stochastic variable. Reference 3
extends the results to include stochastic evasive maneuvers in ad-
dition to the end-game duration, an extension that requires more
advanced numerical optimization techniques. However, even in the
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